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Eisenstein series and Siegel’s formula
in the case of Jacobi forms
Jacobi Eisenstein Fourier-Jacobi
Jacobi Siegel Siegel
Jacobi Eisenstein 2 theta
o 805 ‘Jacobi ’
Siegel Jacobi Eisenstein
Fourier-Jacobi singular sereis o
( Siegel [Arl, Theorem 4] $m=n$
) o
1 Siegel
original Siegel ([Si]) $Sym_{m}^{*}(Z)$ degree $m$
$Sym_{m}^{*}(Z)^{+}$
$Sym_{m}^{*}(Z)$
( , ) $S,$ $S’\in Sym_{m}^{*}(Z)$ (resp. )
$\exists\gamma\in SL_{m}(Z)$ $S’=^{t}\gamma S\gamma$ (resp. $\forall p$ $\exists\gamma_{p}\in SL_{m}(Z_{p})$
$S’={}^{t}\gamma_{p}S\gamma_{p}$ $S,$ $S’$ ) o
$S(\det S\neq 0)$ .
mm, $n\in Z>0,$ $m\geq n$ o
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$S\in Sym_{m}^{*}(Z)^{+},$ $T\in Sym_{n}^{*}(Z)^{+}$
$A(S, T)=\#\{x\in M_{m,n}(Z)|S[x]=T\}$
$A_{p^{\nu}}(S, T)=\#\{x\in M_{m,n}(Z/p^{\nu}Z)|S[x]\equiv Tmod p^{\nu}Sym_{n}^{*}(Z)\}$
$S[x]=^{t}xSx$ $\alpha_{p}(S, T)$
$\alpha_{p}(S, T)=\lim_{\nuarrow\infty}p^{-\nu(mn-n(n+1)/2)}A_{p^{\nu}}(S, T)$
\infty - local density $\alpha_{\infty}(S, T)$
$\alpha_{\infty}(S, T)=\lim_{\}Varrow T}\int_{W}d_{X}/\int_{\mathcal{W}}d\sigma_{n}(Y)$
$\mathcal{W}$ $T$ $W=\{x\in\Lambda f_{mn}(\mathbb{R})|txSx\in \mathcal{W}\}$ o
$dx$ $=$
$\prod_{1\leq i\leq m,1\leq j\leq n}dx_{ij}$
for $x=(x_{ij})\in M_{m,n}(\mathbb{R})$
$d\sigma_{n}(l^{\gamma})$ $=$
$\prod_{1\leq i\leq j\leq n}dy_{ij}$
for $Y=(\epsilon_{ij}y_{ij})=c_{Y}\in M_{n}(\mathbb{R})$
$\epsilon_{ij}=\{\begin{array}{l}1\ldots i=j1/2\ldots i\neq j\end{array}$
$A(S, T)$
2 Siegel (Siegel )
o
Tlleorem 1 (Siegel [Si]) $m\geq n,$ $S\in Sym_{m}^{*}(Z)^{+},$ $T\in Sym_{n}^{*}(Z)^{+}$
o $S$ $S_{1},$ $\ldots,$ $S_{h}$
$( \sum_{j=1}^{h}\frac{A(S_{j};T)}{E(S_{j})})/(\sum_{j=1}^{h}\frac{1}{E(S_{j})})=\epsilon\prod_{p\leq\infty}\alpha_{p}(S;T)$
$\epsilon=\{$
1 . . . if $m>n+1$ or $m=n=1$
1/2 . . . if $m=n+1$ or $m=n>1$ .
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o
[Si] Ono [Onn] \S $8$ $(11)$






$ok$ $(>n+1)$ } Siegel Eisenstein :
$E_{k,n}( \tau)=\sum_{M\in\Gamma_{n,\infty}\backslash \Gamma_{n}}\det J(M, \tau)^{-k}$
$\tau$ Siegel $f_{\acute{J}_{n}}$ $M=(\begin{array}{ll}a bc d\end{array})$
$J(Jf, \tau)=c\tau+d$ $E_{k,n}(\tau)$ k $n$ Siegel
$9Jt_{k}(\Gamma_{n})$
Eisenstein
$E_{k,n}( \tau)=\sum_{\tau\epsilon s_{ym_{n}(Z),T\geq 0}}e_{k,n}(T)e(tr(T\tau))$
$e(z)=exp(2\pi iz)$
Fourier Fourier $T\in Sym_{n}^{*}(Z)^{+}$
$e_{k}$ ,n(T)=( ) $x(\det T)^{k-(n+1)/2}\zeta_{n}(T, k)$
$(_{n}(T, s)= \sum_{x\in Sym_{n}(\mathbb{Q})/Sym_{n}(Z)}\nu(x)^{-s}e(tr(xT))$
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$x\in Sym_{n}(\mathbb{Q})$ $x=c^{-1}d$ $(\begin{array}{ll}a bc d\end{array})\in\Gamma_{n}$
$\nu(x)=|\det c|$
$0$
$\zeta_{n}(T, s)$ ${\rm Re}(s)>n+1$ Euler
o
(1.1)
$(_{n}(T, s)= \prod_{p<\infty}\zeta_{n,p}(T, s)$
$p$
$\zeta_{n,p}(T, s)=\sum_{x\in Sym_{n}(Z[1/p])/Sym_{n}(Z)}\nu(x)^{-s}e(tr(xT))$
o Singular series $\zeta_{n,p}(s, T)$ explicit Shimura [Sh]
Kitaoka [Ki] $(_{n,p}(T, s)$ $s=k(k\in Z>0)$
:
(1.2) $(_{n,p}(k, T)=\alpha_{p}(S, T)$ for $\forall S\in Sym_{2k}^{*}(Z),$ $\det(2S)=\pm 1$
$S=(\begin{array}{ll}0 1_{k}1_{k} 0\end{array})$ o





Theorem 2 (g\Re Siegel {Si]) $m>2n+2$ $S\in Sym_{m}^{*}(Z)^{+}$ ,






Theorems 1, 2 Jacobi Jacobi
version $l\in Z>0$ $S\in Sym_{l}^{*}(Z)^{+}$
degree $m+l$ family
$Sym_{m+l}^{*}(S;Z)=\{Q=(\begin{array}{ll}M {}^{t}q/2q/2 S\end{array})|M\in Sym_{m}^{*}(Z),$ $q\in M_{l,m}(Z)\}$
$Q\in Sym_{m+l}^{*}(S;Z)$ $\tilde{Q}=\Lambda l-\frac{1}{4}S^{-1}[q|$ \langle $Sym_{m+l}^{*}(S;Z)^{\pm}$
:
$Sym_{m+l}^{*}(S;Z)^{+}$ $=$ $\{Q\in Sym_{m+l}^{*}(S;Z)|\tilde{Q}>0\}$
$Sym_{m+l}^{*}(S;Z)^{-}$ $=$ $\{Q\in Sym_{m+1}^{*}(S;Z)|\tilde{Q}<0\}$
(S- , S- ) $Q,$ $Q’\in Sym_{m+l}^{*}(S;Z)$ S- (resp. S- )
$\exists\gamma=(\begin{array}{ll}u 0y 1_{l}\end{array})$ , $(u\in SL_{m}(Z), y\in M_{l,m}(Z))$
$Q’={}^{t}\gamma Q\gamma(resp$ . $\forall p$ $\exists\gamma_{p}=(\begin{array}{ll}u_{p} 0y_{p} 1_{l}\end{array}),$ $(u_{p}\in SL_{m}(Z_{p}),$ $y\in$
$M_{l,m}(Z_{p}))$ $Q’={}^{t}\gamma_{p}Q\gamma_{p}$ $Q,$ $Q’$ ) $f_{\grave{A}}$
) S- $u_{p}$ $u_{p}\in SL_{m}(Z_{p})$
$u_{p}\in GL_{m}(Z_{p})$
$(^{*})$ $Q$ S- $S$ .
$\mathfrak{l}07$
$m,$ $n\in Z>0,$ $m>n$ $Q\in Sym_{m+l}^{*}(S;Z)^{\pm},$ $T\in Sym_{n+l}^{*}(S;Z)^{\pm}$
$A(Q;T)=\#\{(\begin{array}{l}xy\end{array})\in M_{m+l,n}(Z)|Q[(\begin{array}{ll}x 0y 1_{l}\end{array})]=T\}$
$A_{p^{\nu}}(Q;T)=\#\{(\begin{array}{l}xy\end{array})\in Af_{m+l,n}(Z/p^{\nu}Z)|$
$Q[(\begin{array}{ll}x 0y l_{l}\end{array})]\equiv Tmod p^{\nu}Sym_{n+l}^{*}(Z)\}$
local density $\alpha_{p}(Q;T)$
$\alpha_{p}(Q;T)=\lim_{\nuarrow\infty}p^{-\nu(mn-n(n+1)/2)}A_{p^{\nu}}(Q;T)$
o $A(Q;T)<+\infty$ \infty -
$\alpha_{\infty}(Q;T)=\det(2S)^{-n}\alpha_{\infty}(\tilde{Q},\tilde{T})$
$\alpha_{\infty}(\tilde{Q},\tilde{T})$ \S 1
$Q[(\begin{array}{ll}a 0x 1_{l}\end{array})]=Q\}$$E(Q)=\#\{(\begin{array}{l}ax\end{array})|a\in SL_{m}(Z),$ $x\in M_{l,m}(Z)$ ,
family $Sym_{m+l}^{*}(S;Z)^{\pm}$ $\text{ ^{}=}2$ Siegel






$\epsilon=\{1/21$ $\ldots ifm>nifm=n$ :
) (i) $m=n$ $A(Q;T),$ $\alpha_{p}(Q;T)$
[Arl]





$Sp_{n}$ $n$ symplectic :
$Sp_{n}=\{g\in GL_{2n}|{}^{t}g(\begin{array}{ll}0 1_{n}-l_{n} 0\end{array})g=(\begin{array}{ll}0 1_{n}-1_{n} 0\end{array})\}$
$l$ $S\in Sym_{l}^{*}(Z)^{+}$ o
Jacobi $G_{n}^{J}=G_{n,l}^{J}$ $S_{Pn+l}$
(3. 1) $(\begin{array}{llll}a b l_{l} c d l_{l}\end{array})$ $(\begin{array}{lllll} 1_{n} 0 {}^{t}\muI 1_{l} \mu \rho 1_{n} 1_{l}\end{array})$ $(\begin{array}{llll}1_{n} \lambda 1_{1} 1_{n} -t. 1\end{array})$
$(M=(\begin{array}{ll}a bC d\end{array})\in Sp_{n}$ , $\lambda,$ $\mu\in M_{l,n}$ , $\rho\in Sym_{l})$
$Sp_{n+l}$ o $G_{n}^{J}$ $\mathbb{Q}$ (3.1)
$(\Lambda f, (\lambda, \mu), \rho)$ $(1_{2n}, (\lambda, \mu), \rho)$
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Jacobi $G_{n}^{J}$ (Heisenberg ) $H_{n,1}$ o $Sp_{n}$
Jacobi $G_{n}^{J}$ $Sp_{n}$ $H_{n,l}$
$G_{n}^{J}$ $Sp_{n}$ $H_{n)}\iota$ :
$G_{n}^{J}=Sp_{n}\triangleright H_{n,t}$
$G_{n}^{J}(\mathbb{R})$ Siegel- $6_{n}$ l $\cross$ n- $M_{l,n}(\mathbb{C})$ $D_{n,l}=\mathfrak{H}_{n}x$
$M_{l,n}(\mathbb{C})$ :
$g(\tau, z):=(M\{\tau\}, (z+\lambda\tau+\mu)(c\tau+d)^{-1})$ , where





$\Gamma_{n}=Sp_{n}(Z)$ , $\Gamma_{n}^{J}=G_{n}^{J}(Z)=\Gamma_{n}\triangleright H_{n,l}(Z)$
$\underline{-iE}\ovalbox{\tt\small REJECT}$ ( (holomorphic) Jacobi )
$D_{n,\mathfrak{l}}$ $\phi(\tau, z)$ weight $k$ , index $S$ $\Gamma_{n}^{J}$ Jacobi
$\nearrow$
(i), (ii)
(i) $\phi(\gamma(\tau, z))=J_{S,k}(\gamma, (\tau, z))\phi(\tau, z)$ for $\forall\gamma\in\Gamma_{n}^{J}$
(ii) $n=1$ (3.2) Fourier-Jacobi
( $n>1$ )o
weight $k$ , index $S$ $\Gamma_{n}^{J}$ Jacobi $J_{k,S}(\Gamma_{n})$
o
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Fourier Jacobi \phi \in Jk,s(\Gamma Fourier-Jacobi :
(3.2) $\phi(\tau, z)=$ $\sum$ $c(N, r)e(tr(N\tau+trz))$
$N\in s_{ym(Z_{f})r\in_{r^{M_{ln}(Z)}} ’ N-\frac{n_{1}}{s}t- 1}$
( (skew-holomorphic) Jacobi )
$D_{n,l}$ $\phi(\tau, z)$ weight $k$ , index $S$ $\Gamma_{n}^{J}$
Jacobi $(i)’,$ $(ii)’$
$(i)’$ $\phi(\gamma(\tau, z))=J_{S,0}(\gamma, (\tau, z))\det\overline{J(M,\tau)}^{k-l}|\det J(M, \tau)|^{l}\phi(\tau, z)$
for $\forall\gamma\in\Gamma_{n}^{J}$ .
$(ii)’$ $\phi(\tau, z)$ Fourier Jacobi :
$\phi(\tau, z)=$ $\sum$ $c(N, r)e( tr(N\overline{\tau}+\frac{i}{2}S^{-1}[r]\eta+^{t}rz))$
$N \in Sym(\mathbb{Z}),r\in M(Z)N^{1}-\frac{n_{1}}{4}rS^{-\iota_{r\leq^{t_{0}.n}}}$
$\eta={\rm Im}\tau$ .
weight $k$ , index $S$ $\Gamma_{n}^{J}$ Bl] Jacobi $J_{k,S}^{skew}(\Gamma_{n})$





$\Gamma_{n,\infty}^{J}=\{(M, (\lambda, \mu), \rho)\in\Gamma_{n}^{J}|M\in\Gamma_{n,\infty}, \lambda=0\}$
(Jacobi Eisenstein )
(i) $k$ $>n+l+1$ $(\tau, z)\in D_{n,l}$




$:= \sum_{\gamma\in\Gamma_{n.\infty}^{J}\backslash \Gamma_{n}^{J}}J_{S,0}(\gamma, (\tau, z))^{-1}\overline{\det J(M,\tau)}^{\mathfrak{l}-k}|\det J(M,\tau)|^{-l}$
$\gamma$ $\gamma=(\lambda!f, (*, *), *)$
well-defined $k>n+l+1$
$E_{k,S,n}(\tau, z)\in J_{k,S}(\Gamma_{n})$ $E_{k,S}^{skew_{n}}(\tau, z)\in J_{k,S}^{skew}(\Gamma_{n})$
$\Gamma_{n}$ $U_{n,\infty}$
$U_{n\infty}=\{(\begin{array}{ll}l_{n} x0 1_{n}\end{array})|x\in Sym_{n}(Z)\}$ .
$L=M_{l,n}(Z)$
$T=(\begin{array}{ll}N c_{r}/2r/2 S\end{array})\in Sym_{n+l}^{*}(S;Z)$ singular series
$(_{n}(T;s)= \sum_{M\in\Gamma_{n.\infty}\backslash \Gamma_{n}/U_{n,\infty}}.\sum_{\lambda\in L/Lc}|\det c|^{-s}e($tr $(T\{\begin{array}{l}1_{n}\lambda\end{array}\}c^{-1}d))$
o $\Gamma_{n}^{*}=\{M=(\begin{array}{ll}a bc d\end{array})\in\Gamma_{n}|\det c\neq 0\}$ o
singular series $(_{n}(T;s)$ ${\rm Re}(s)>n+l+1$ $\S\Theta i\mathbb{R}ae$ Euler :
(3.3)
$(_{n}(T;s)_{\varpi}= \prod_{p<\infty}\zeta_{n,p}(T;s)$
$(_{n,p}(T;s)=, \sum_{\Lambda I\in\Gamma_{n.\infty}\backslash \Gamma_{n}^{(p)}/U_{n.\infty}}\sum_{\lambda\in L/Lc}|\det c|^{-s}e($tr $(T\{\begin{array}{l}1_{n}\lambda\end{array}\}c^{-1}d))$




$k\in Z,$ $k>n+l+1$ $Q\in Sym_{2k}^{*}(S;Z),$ $\det(2Q)=(-1)^{k}$
(3.4) $(_{n,p}(T;k)=\alpha_{p}(Q;T)$
Jacobi Eisenstein Fourier Jacobi
$E_{k,S,n}(\tau, z)$ $=$ $\sum$ $e_{k,S,n}(T)e(tr(N\tau+{}^{t}rz))$
$T\in Sym_{n+l}(S;Z),\overline{T}\geq 0$
$E_{k,S,n}^{skew}(\tau, z)$ $=$
$T \in Sym_{n+l}(S;Z)\overline{T}\leq 0\sum_{)}e_{kS,n}^{sk_{)}ew}(T)e(tr(N\overline{\tau}+\frac{i}{2}S^{-1}[r]\eta+crz))$














$m>n$ $Q=(\begin{array}{ll}M \ell_{q}/2q/2 S\end{array})$ $\tilde{Q}=M-\frac{1}{4}S^{-1}[q]$ o
(i) $Q\in Sym_{m+l}^{*}(S;Z)^{+}$ $\det(2Q)=1$
$\theta_{Q,n}(\tau, z)=\sum_{G\in M_{m+ln}(Z)}.e(tr(Q[G]\tau+{}^{t}z(q2S)G))$
(ii) $Q\in Sym_{m+l}^{*}(S;Z)^{-}$ $\det(2Q)=(-1)^{m}$
$\theta_{Q,n}^{skew}(\tau, z)=\sum_{G\in M_{m+ln}(Z)}.e(tr(Q[G]\tau-2i\overline{Q}[G_{1}]\eta+tz(q2S)G))$
$\circ$
$G=(\begin{array}{l}G_{l}G_{2}\end{array})$ with $G_{1}\in$ $M_{m,n}(Z)$ o
(i) $\theta_{Q,n}(\tau, z)\in J_{(m+l)/2,S}(\Gamma_{n})_{0}(ii)$ $\theta_{Q,n}^{skew}(\tau, z)\in J_{(m+l)/2,S}^{skew}(\Gamma_{n})$
(3.3), (3.4) Proposition 4 Theorem 3
Theorem 5 ( Siegel [Ar2, Theorem 5.6]) $m>2n+l+2$
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